The natural order in the space of binary sequences permits to recover the U-sequence. Also the scaling laws of the period-doubling cascade and the intermittency route to chaos defined in that ordered set are explained.
Introduction
In the last decades many efforts have been devoted to understand and to describe the different routes to chaos that are found in the dynamical behavior of the most diverse physical systems. Many of these situations can be modeled by unimodal maps, which form a family of well understood dynamical systems [1] . Some characteristics of the unimodal maps are gathered in three basic works [2, 3, 4] . Metropolis et al. [2] established the order in which the periodic orbits appear in that kind of systems.
They found the U-sequence, which is a universal sequence of bifurcations common to all unimodal maps. Feigenbaum [3] discovered the constant that brings his name and that is a consequence of the universal scaling properties of the period-doubling cascade. Pomeau and Manneville [4] proposed simple models to understand and to catalog some dynamical mechanisms of bursting in temporal signals.
The fact that so simple systems display so many universal properties is remarkable. In this small piece of work, it is our aim to offer a unified view of a similar panorama happening in the space of the binary sequences.
For this purpose, the natural order in the space of binary sequences will be recalled in section 2. Besides the recovering of the U-sequence, the scaling laws for alternative period-doubling cascade and intermittency routes to chaos defined in this binary scheme will be found. These laws are intrinsic properties of the ordered set of binary sequences, and they are also independent from any consideration about dynamical systems.
This optional and simplified view will be presented in section 3. The last section contains the conclusions.
Order in the Space of Binary Sequences
Let us recall the nomenclature introduced in Ref. [5] . B S represents the space of binary sequences. An orbit of period n (O n ) is formed by a binary sequence non periodic (irreducible) of n digits and all sequences built from the iteration of this irreducible sequence as a block. The set of the conjugate orbits is the conjugate orbital:
, 101, 110}. The number of orbitals N n of period n is given by:
where {m 1 , m 2 , . . . , m k } are the integer divisors of n excluding {n}. 
These fractions are (except the trivial 1-periodic orbit with r [; It is built from the Lorenz-order with the following steps. We make
We define the binary sequence transformation F B S that transforms the binary sequence {l 1 l 2 . . . l n } in the binary sequence {r 1 r 2 . . . r n } according to the law:
The inverse transformation F B S −1 is defined as follows:
with r 0 = 1 and r n+i = r i . This last transformation must be applied to the doubled sequence {r 1 r 2 . . . r n r 1 r 2 . . . r n } in order to get the doubled 
by F B S produce an orbital called an R-singlet, R S n . The action of F S B is summarized as follows:
Moreover, F B S transfers the Lorenz-order in (B S , L ⇒ ) to a new order called R-order (Table 2 ). This order relationship is defined as fol- This is the U-sequence (see Table 1 ). Let us calculate the sequence of associated fractions {r n , r 2n , r 4n , . . . , r ∞ }.
Routes to Chaos
A straightforward calculation gives us:
The scaling law associated to this route to chaos is:
This law is independent of the particular set C PD and it is intrinsic to the 
The subsequence from the last example is: {1001, 1001001, 1001001001, . . . , 100100 100 . . . 1001, . . . , 100}. Given the fraction r p associated to L D p , a straightforward calculation permits to find the associated fractions of the remaining fraction subsequence:
Then, the subsequence {r p+1 , r 2p+1 , . . . , r np+1 , . . . , r p } is obtained. We denote by δ = r np+1 − r p the distance to the critical fraction r p where the periodic behaviour take place and the integer l = np of an orbit O np+1
represents the binary length of the periodic sequence of this orbit ('phase laminar' length). The isolated digit 1 that breaks this periodic behavior is called a 'burst'. If we calculate the relation between δ and l, the scaling law for the intermittency route to chaos is obtained:
where r p has been taken as 0.5. Let us observe that when the distance to the critical point goes to zero, we recover the divergence of laminar phase length as an intrinsic and universal property of the ordered set of binary sequences.
Conclusions
The properties of the routes to chaos in high dimensional systems is still a not very well understood subject [6] . Unidimensional results are generalized for instance in the work [7] , where an orbit implication diagram for horseshoe type-flows is calculated by topological methods. This provides a partial order on orbit formation for three dimensional flows and two dimensional orientation preserving maps which evolve into horseshoe under parameter variation. The results are independent of dissipation from the conservative limit (zero dissipation) to the unimodal limit (infinite dissipation).
In this work, two routes to chaos have been defined in the space of binary sequences. One of them mimics the period-doubling cascade arising in the unimodal maps and the other one mimics the intermittency route to chaos. The scaling properties for these both routes to chaos have been calculated. A Feigenbaum-like relationship for the bifurcation parameters in the period doubling case and the dependence of the laminar phases length on the distance to the critical point in the intermittency scenario seem to be a consequence of the intrinsic properties of the ordered binary set, and independent from any consideration about dynamical systems.
This simple and primitive view of the route to chaos could be interpreted as the radiograph of these dynamical phenomena when they are observed in more complicated systems. Table Captions   Table 1 . Rössler-order (R ⇒ ) and Lorenz-order (L ⇒ ) in the set of binary sequences until period n = 6. Also the order of the orbits in unimodal maps is given. ( * means period-doubled orbits). 
R-singlet, R S n Table 2: 
